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On the basis of Pontriagin's maximum principle we establish the structure of the
optimal control and of the optimal trajectories, using the properties of the sys-
tem being analyzed, We propose a rule for the construction of the program con-
trol satisfying the maximum principle. In the case when the terminal state lies
outside some bounded region we prove that the mle mentioned determines the
optimal control and permits us to solve the synthesis problem.

1. Statement of the problem, Letthe motion of a point in the zy-plane
be described by the system of equations

'=pcos®p, ¥ =vsing, ¢ =-f;1-un v == Kaliy (1.1

where ¢ = @ (t) is the angle between the z-axis and the direction of the velocity



Time-optimal control synthesis for & nonlinear system 949

vector v () = (z', ¥°), K, and K, are given positive constants, while u; = u; (¢)
and Uy = U, () are measurable control functions satisfying the conditions

gl <1, fupd < (1.2)

In this paper we solve the problem on the fastest hitting of the representative point
(=, ¥, 9, V) onto the manifold (x = 0, y = 0) from a given initial state (z,, Yo,
Por Vo) We assume that V.j0>¢, where ¢= const > 0. Under this condition and
with K3K, < 0,4 we can prove the existence of a positive number ¢ = a (¢) such
that along a trajectory which appears to be optimum, we have v (f) >> a. Then, the
optimal control existence theorem is valid [1].

By a trajectory of system (1.1),(1.2) it is expedient to understand the projection of
the phase trajectory onto the zy-plane and carry out the investigation in this plane,
The origin O = (0, 0) on this plane corresponds to the manifold (z = 0, y = 0) .
In the case given the Hamilton function H has the form [1]

H =91 c03@ + Yo sin @ 4 ¥ Kyuy + $uKyts (1.3)
where the auxiliary functions ¥y, Py, P35, Py satisfy the system of Eqs. (1.4) and the
transversality conditions (1, 5)

P =0,%" =0, ‘Ps'=\l>1vsincp——\p,vcosq) (1.4)
Vo = — 1 €08 @ — P, 8in @ + P, v Ky,
Vs () = (T) = 0

(1,5)
(T is the instant of hitting onto the origin), Using the first two equations of system
1.1), we have . . .
. Y1 =10, Pp=2Cy VP5g = Y — €T (1.6)

Hence, allowing for the boundary conditions (1.5) and z (T) = y (T) = 0, we have
Pg = €4 — Cq%. In the zy~-plane
Gy — ¢z =0 (1.7

is the equation of a straight line which we call the switching line, We subsequently con-
sider the coefficients of this straight line as normalized: ¢; = cos 0 and ¢, = 8in 0
(@ is the angle between the Z-axis and the vector (¢y, ¢,)). From (1.4) and (1.3) it
follows that the equation for §, (£) can be reduced to the form

$, = — v Kg,-ug+ v [H — 20 cos (¢ — 9)] (1.8)
According to the maximum principle the optimal control satisfies the relations
u; = signpy, P50, u, =signy,, P, +0 (1.9)

We note that certain aspects of the optimality of the motion of system (1. 1) were touched
upon in [2]. The problem being examined was solved in [3] for v = const and in a
somewhat different formulation, in {4].

2. Certain properties of system (1.1), (1.4). 1°. Let $5(t) = 0,
te i, 1), t, <¥,, i.e. the motion takes place along the straight line (1.7).
Then from (1.1) it follows that u, (t) = 0, t & s, &).

2°. Ifat point (z (i,), ¥ (ts)) the velocity vector v (f,) is directed toward the
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origin, then the optimal trajectory for ¢ 2> ¢, is a straight line joining this point with
the origin, while the optimal control is (u,° = 0, uy’ = 1).
3° . The equalities
Hv — 2K ,u, (c;x + cgy) — vK b us = const (2.1)

Kups — 2Kguy (6, + cgy) -+ v*cos (p — 0) = const  (2.2)

hold on the intervals of constancy of the control functions u, and uq and of the Hamil-
ton function H

Suppose that at some instant Z, the:function ¥, (tg) = P (T) = 0, P, () > 0,
t & (tyy T), while at an instant ¢, the function ¢, (t,) = 0, ¥, (1) <0, t
(ts, ty) ; then from (2.1) and (1.5) follow the relations

v () K () = H v (¢) — v () — 2K, (eyx () + cay (&) (2.3)
te (1 Tl
ey (t) + oy (t) <O
v (K, W O = H @ ) — v (t, — 0) + 2K, (esz + cob) | tr0s
te (ty ty)
4° . Let the control functions u, and u, be constant on the interval [i,, ¢], taking
the values -+ 1. Then
y—y(ta) = bPKyu, (2sin @ — K 'ugu, cos 9)ll,!  (2.6)
z —z () = b[¥K, 'uy, (2c0s ¢ + K 'uu, sin @)l It
v () = v (L) exp (Kuyu, (¢ (1) — ¢ (L))
v(t) =v () + Kyt — 1), t& [ty tgl
K =KK™ b=+ K

Hence we see that the corresponding trajectories are logarithmic spirals,

5°. Let us consider the vp~plane to each point of which corresponds a radius~vector
of length v turned through an angle @ relative to some fixed z -axis. On the pp-plane
the relations veos(p — 0) = H, 2vcos @ —0) =H 2.7
are the equations of straight lines orthogonal to the straight line ¢ = 8, From (1.3)
and (1. 5) it follows that the point (v (T}, ¢ (I')) is on the first straight line in (2.7).
The second straight line divides the vg-plane into two halfplanes II;, II,. Let the
quantity H — 2v cos (¢ — 6) be negative in halfplane II, and positive in I,

Lemma 2,1, As the representative point moves in the halfplane II, the function
P, () decreases, while in II, it can change sign only from minus to plus.

The validity of the Lemima follows immediately from (1. 8).

8. Necessary conditions for the optimality of the trajectory,
Structure of the optimal control, The sign of the expression oy ==
Zy 8in @y — Y, COS G, determines the relative positions of the origin and the straight

Line (€ — Zo) sin @o = (¥ — Yo) 08 Po 3.1)
From the inequality o, >> 0 (0, << 0) it follows that the origin is to the left (to the
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right) if we view from point My = (x4, ¥,) along the direction of vector v,.

Let (u,° (), us° (£)) be the optimal control and My = (z (t,), ¥ (t) be the
first point of contact of the trajectory with the switching line. Using property 2° and
the transversality condition (1, 5), we can prove

Lemma 3.1. Let 0,0, u,° () = sign o, t & |0, t,), then (a) on the arc
MM, thereisnopoint other than M, ,at which the velocity vector is directed to-
ward the origin, (b) at point M, the velocity vector is directed toward the origin and
u” () =0, telt, Tl

Lemma 3.2. Under the hypotheses of Lemma 3. 1 the optimal control function
uy’ (t) does not switch more than once and the sequence of values of uy (t) can only
be one of the following: (—1), (1), (—1, 1).

The proof, which we omit, relies on Lemma 2,1 and on relations (2. 4) and (2. 5).

Using Lemmas 3.1 and 3.2 we can show the validity of the following theorems,

Theorem 3.1, At no point, other than the initial one of the optimum trajectory,
is the velocity vector directed away from the coordinate origin, The optimum control
function u,° () does not switch more than twice, and the sequence of values of u,° (f)
can only be one of the following: for 0, 7= 0 (sign 0,), either (sign g, 0),

(— sign ¢y, sign o), or (— sign o,, sign g, 0), and for o, = 0 (0), either(-+1),
or (4= 1,0).

Theorem 3. 2. The optimum control function u,’ () has no more than one

switching, while the sequence of values of u,’ (¢) can only be one of the following:

(—1)9 (+1)1 (—13 +1)'
4. Certain properties of the function 1, (¢). Let the control
up () = uy(t) =1, t < t,, T] satisfy the maximum principle. Then, having
substituted (1. 9) and (2. 6) into (2. 1), we have
Ky (8) — Kby (T) E=v (D) D (9* (), @), tty, T (4¢.1)
O (p* (t),a) = E(1 — E) cosa + 2b{(2 cos @ — K!sin a) E —
(2co0s (9p*(f) 4+ @) — K™'sin (9* (t) + )}
W)=l —¢(), E=cexpKe* (), a=0—¢(D
If t, = t,, and P (T) = O (¢, is the switching instant for u,), then
O (p*(ty), @) =0 (4.2)

Definition. Let g, >> (). We say that the control (u (), %, (8)), t = [0, T1]
belongs to class X if (a) this control satisfies the maximum principle and the transver-
sality condition, (b) on the trajectory corresponding to this control there is no point
other than the initial point,at which the velocity vector is directed away from the point
(z (T), y (1)), (c) the control functions u, and u, take during the motion one of the
following sequences of values:

ug 2 (0), (1), (1,0, (—1, 1, 0); uy: (—1), (1), (—1, 1)
If a control (u,, ug) belongs toclass X and u, (t) = —1, t = [0, t,), then
u, ) =—1, telo, ) (4.3)
Using Lemma 2. 1, the vp-plane, and the form of the derivatives %,” () and ¥, (8),
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we can prove the validity of
Lemma 4.1, Let the control

. + i’ te[t% T)*
() = { 0, te[r, 1),

belong to class X and let Y, (!3) = 0, then on the interval [t,, 7] the function
WP, (1) increases strictly at first and then strictly decreases.

U () =1, teit, T

5. Construction of a control from class X. Using symmetry argu-
ments it suffices to solve the problem for 04 = 0. The trajectory with control (u; =
+ 1, uy = 1) is called an acceleration trajectory, while with control (¥, = =+ 1,
ug = —1) ,a deceleration trajectory. Wereckonthe controls from class X as right-
continuous.

Let us show that an instant ¥® >0 exists such that for any T < v* the control

Uy () =us () =1, tel0,1] (5.1)

leading the representative point to the position (z (t), ¥ (1)) satisfies the maximum
principle. To do this we take the straight line

—y@@a—(—z@): =0, ¢ =cos () (5.2)
¢; = sin @ (%)

as the switching line. By 1, (7, #) we denote the function v, (¢) computed for the
switching line (5. 2) and under the condition {4 (7, ¥) = 0. For small 7, from(4.1)
we have Y (T, £) >0, t € [0, 7). Hence it follows that control (5. 1) satisfies the
maximum principle for small T and for the function P, (£) =¥, (T, ) . We increase
the instant T and determine the value of P4 (T, 0). Let T = v* be the smallest in-
stant for which ¥4 (v*, 0) = 0. Relations (1. 9) and (1. 5) hold for any T < t* and
for the switching line (5.2); consequently, control (5. 1) satisfies the maximum princi-
ple.

We shall show that control (5. 1) does not satisfy the maximum principle for T > t*
and for the line (5.2), We assume the contrary. Then an instant T; > 0 exists such
that @ (1) — @ (7)) = @ (T*) — @o. In view of Lemma 4.1 and of equality(4.2)
we have ¥y (v, ) > 0, t & (13, 1), Yo (T, Tt — 0) << 0. Therefore, relations
(1. 9) and (1.5) cannot be fulfilled simultaneously when T > t* , Q,E.D,

We make the following construction. Wemovea certain time T > t* along an
acceleration trajectory, and next a certain time 7; — 1 along line (5.2). From (1.4)
we have P, (Ty) =, (v) — T; + ©. By choosing a sufficiently large interval
[v, T4l we can fulfill the inequality P, (£) > 0, ¢ & [0, T,),under the condition
Yy (7)) = 0. From Lemma 4.1 it follows that in the case being examined we can
find T34 (v) = Ty ,namely, the smallest instant for which §, (0) = ¥, (T14) = 0,
Yo () >0, 1 (0, Tyy). We mark the point M. = (z (Tyy (), ¥ (T14 (%))).
When © < T we set Ty, (T) = 1. By varying T from zero to To (To is the instant
of intersection of the acceleration trajectory with the straight line (3. 1)), we obtain a
set of points {M-} which is a certain curve Y10 on the half-plane being examined.
Obviously we can define curve ;5 as follows, By ¥, (T, ) we denote the function
P, (¢) computed for the switching line (5, 2) and under the initial condition V4 (%,
0) = 0. We compute the value of VP, (T, 1). Let ¥4 (T, T) > 0. Then, moving
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along the switching line with the control (¥; = 0, uy = 1), we determine the instant
T, (v) atwhich ¥, (t, T, (t)) = 0. We mark the point (z(Ty4 (7)), ¥ (714 (7).
If Py (7, 1) < O,weset Ty, (v) =7 The set of points {(z(7y, (%)), ¥ (T1,(¥))}

is a curve Y10 on the halfplane being examined, which can be written in the parametric

form y=y@® +d@sing(x), s =2(®)+d()cosp(® (59
d (T) = 271K, (11;1* (“f)["' 0+ (v) (Tu- (t) — )
[ RTTHE@ =), HE@>v(r)
T — 7= {0. H@)<v ()
H (%) =wcos(p— o (1) + Kot | (yo — y (7)) cos ¢ (1) —
(xo — z (v)) sin @ (1) |

Up to the point M* = (z (v*), y (¥*)) the curve p¢ coincides with the accelera-
tion trajectory, and then diverges from it. Using Lemma 4.1 and (4. 1) we can prove that
if T3 > 7 > t*, then d (%;) > d (7;). The curve yyo divides the half-plane into
two parts I'yo (Y10 C T'yo) and Ty, (Fig. 1).

Lemma 5. 1. If the origin is Iocated in region T',, then the control

+1, te]0, %),
”‘(‘)’*"{ 0, teiv Tl

(where 7T is the first instant at which the velocity vector is directed toward the origin)
belongs to class X,

us(t)=1, te(0,T) (5.4)

Proof. Since on the interval [0, ]
the trajectory is an arc of an untwin-
ing spiral, the trajectory lies on one
side of line (5. 2),i.e, the first rela-
tion in (1. 9) is fulfilled, while on the
trajectory there is no point other than
the initial point, at which the velocity
vector is directed away from the ori-
gin, To fulfill the second relation in
(1.9) and the transversality condition
(1.5) it is sufficient to choose the func-
tion Yy () = g (v, &) —pa (v, 7),
when t < t* and the function ¢, (¢)=
Yo (7, t) — P, (v, T) when T > t*,

It tums out that control (5. 1) does not satisfy the maximum principle for any T > t*
The validity of the next statement follows from this and from the construction of curve
Y10

Lemma 5.2. If control (u,, Us) belongs to class X, the point (z (T), y (7))
is located in region I'yp,and u, (0) = 1, then u, (0) = —1.

From point Mo we issue a trajectory with control uy () =1, ux (t) = —1, t &
[0, s] ,in the direction of vo. On this trajectory we denote by A the first point at
which the normal to the trajectory passes through Mo, and by B the first point at which
the tangent to the trajectory passes through My. Let the instant ¢ = s, correspond to
point A and the instant ¢ — s_to point B . For the point M, = (¥ (s), ¥ (s)) and

Fig. 1
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for the vector v (s), taken as the initial ones, we construct the curve ¥,, analogous to
curve Yo and coinciding with it for s = 0. Varying 0 < s < s_, we obtain a set of
curves Y5 On each of these curves we single out the point (z (t,*), ¥ (7,*)) atwhich
the curve 7y,, diverges from the acceleration trajectory issued from point M. These
points form a curve 7Yz (Fig. 1), From (4.2) we have
¢ (t*) — @ (s) = const (5.9)

We draw a curve Vs, being the collection of first points E, on curves T1ss at which
the velocity vector is directed toward Mo. It is easy to see that the points E, can exist
only for s & [s,, s_] ; the point E,_ coincides with B and the curve y3o passes
through Mo. In view of identity (5. 5) the curves Y50 and y3, can intersectata unique
point which we denote E+. The curve, consisting of the arcs M*E+ (T yz0 and
E Mo Yso cuts out a region I’y from Ty, (Fig. 1), If point E,+ does not exist,
then curve Py separates region I'y, from I'yy . By virtue of the above argumentation
related to the construction of region Iy, , the following lemma is valid.

Lemma 5, 3. If the origin is located in region I'gy, the control

1, te[0, 1), —1, te[0,s]
=10, t=m T, “2(t)={+1, te(s, T

(where T is the first instant at which the velocity vector is directed toward the origin,
s (s << 7) is the first instant at which the curve ¥,, passes through the origin) belongs
to the class X.

By D, we denote the region bounded by arcs of the curves Y20, Y30 and by the seg-
ment BMo (Fig. 1),by D, the open region bounded by the deceleration arc MoB
and the segment BMo, while T'yy = T'20 \ (I'so U Dy U D3). We choose some
trajectory L,. consisting of a deceleration arc MoM, : {(z (1), y (), t E [0, s1}
and an acceleration arc M0 : {(z (2), y (?)), t E s, 1], T < T,*}. Obviously,
a trajectory L, can hit any point of the region ['sp It can be shown that for any s
and t € [s, T,*) for which ( (1), ¥ (1)) & T4y we can, by choosing angle o, make
the function +, (¢), computed for ¢; = cos (@ (r) + a) and c; = sin (@ (1) +
a), ¥, (1) = 0, satisfy the conditions: ¢, (s) = 0,%4 (1) >0, 1t (s, T); $, () <
0, t = 10, s). Angle a is uniquely determined from Eq. (4.2) with ¢* = @ (1) —
@ (s) . If the trajectory L. lies entirely on one side of the switch straight line defined
by the angle 8 = @ (1) + @, we relate point (z (7), ¥ (7)) toset S, ,otherwise,
point (z (t), y (t)) is referred to set S,;. Since T < T,*, it is impossible to hit the
origin (0 & S, by a control from class X, which would satisfy the condition u; (0)=1.
when 0 & D, |J D; control (5. 6) does not satisfy the maximum principle as well
because the trajectory cannot lie on one side of the switch line. By I'so we denote the
set §; (J D, (J Dy. It can be shown that I'so is a simply-connected open region.
The deceleration arc MoA and the arc MoE,+ = Y56 (C Y30 form a part of the
boundary of region I'so . The remaining part of the boundary (we denote it y0) jointly
with arc ygo possesses the property that when 0 & vso | V40 the switch line defined
by the angle @ (1) | o passes through M. Let gy = Iy \ TI'so. By virtue of
the argumentation related to the construction of regions T'gy and I'so and by the con-
dition (4. 3), the following lemmas are valid.

Lemma 5.4. Ifthe origin is in the region I'g,, the control (5. 6) belongs to class
X.

(5.6)
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Lemma 5.5. If the origin belongs to the region I'so, the optimal control satis-
fies the conditions u;° (0) = —1, uy° (0) = — 1.
From Lemma 5.5 it follows that when O &= I'so

u @) =u’ () =—1, (0, 4) (5.7)

where #; is the first instant at which the curve (ys,, |J y4,) »i.e. the boundary of the
region I's,, constructed for point (Z (%), y (2,)) taken as the initial point, passes
through the coordinate origin, Region Iy, is constructed analogously to region I'so.
Since u, (f) = —1 (see(4.3)), 0= T,
In view of Lemma §, 4 the controt

"'""13 te[tbt) 5.8
Uy (t) - 0, = [T, T] ( » )
{ —1, tEt,8)
“wh=\ 11, tels 1)
(where § is the first instant at which the curve
Y1s» constructed for the point (z(s), ¥ (8))
taken as the initial point, passes through the
origin) belongs to class X. Since O & Y5y,
Yat» the switching line passes through the
point (2 (%), vy (%)). Hence the first rela-
tion in (1, 9) is fulfilled on the whole interval |0, T']. The second relation in (1. 9) is

fulfilled by virtue of equality (4. 3). Thus when O & TI'so the control (5. 7),(5. 8) be-
longs to class X,

Fig. 2

€. Rule 6, 1. At the initial instant we draw the straight line (3. 1) and that half-
plane in which the origin lies and we separate it into the regions I'yo, I'so, I's. We
choose the control: (5.4) if O & Tyy; (5.6)if O & Tgy; (5.7),(5.8) if O & I'so
(Fig. 2). From the preceding Section it follows that the control constructed by this rule
belongs to class X,

We make the following construction. We move under the control y; (£) = uy (2) =
—1, t &[0, s, where sy is determined from the equation @ (s5) = Qo — ,
and for each point (z (2), y (#)) taken as the initial point, we construct the region
I'ss, t & [0, sg]. On the plane oo > 0 these regions cover a certain region G,. Let
G =Ty Gy

Theorem 6.1. When O & G the rule 6,1 determines the optimum control.

Proof. By (u;4, Use) Wwe denote the control determined by the rule 6.1, In what
follows we use an asterisk in the notation of all quantities relating to the control (Uyy,
Use) and a degree sign in those relating to the optimum control (u;°, u3°) . Let O &
Ty and u,° (0) = 1. Then,according to Theorem 3.1, the function u,° (#) has the
form (5. 4). We assume that u;° (0) = —1. Since O & Ty, u, necessarily switches
at some instant fy . From (2.3) and (2. 5) we have the equalities

wKy | 9,° (0) | = H° (w0 — 20 () + v (T°) + 2K, (¢,°z0+ ¢2°0) (6.1)

WKy [Pay (0) | = Hy (vo — v (Ty)) — 2K, (cre%0 + Ca4¥0)
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We can show that
€% + Coffo < Cy90 + Cogyo << 0, Hy = v {(Ty) > H°= v (T°) (6.2)

In addition, from (1. 1) we have v (7,) —vo =K, T,, v (I°) — 2v (t2) +v0o= K,T°.
Now, using inequalities (6, 2), from (6. 1) we obtain "> 7,, which is impossible.
Thus,if O & I'yo and %,° (0) = 1, the control (5. 4) is optimal .

Let O &= I‘60 and y,° (0) = 4. From Theorems 3.1 and 3.2 and Lemma 5.2 it
follows that u,° (f) = —1 until the curve Yy, passes through the origin. For the sub-
sequent motion, as was shown above, u,° () = 1. Thus,if O & Ty and ©,° (0) =
1, the control (5, 6) is optima.l

We shall show that 4;° (0) =1 if O & I'y U T'ep. We assume the contrary, i. e.
u;°(0) = —1. From Theorem 3, 1 and equality (4. 3) it follows that #° a switching in-
stant for 1;; exists such that u,° (0) = —1 for t = [0, ] and 0 & (yge U
vs) C G- Consequently, () = T'y,- and control (5.8) is optimal with £ = £ , It
is not difficult to show that the frajectory L° cannot be optimal when O & I'yy (] G,.
Therefore, O & G, which contradicts the theorem's hypothesis, The theorem is proved.

It can be shown that if O = I'so, then during the motion the origin gets first into the
region I'y, and next into I';, . The origin cannot get into Iy, from region I'y, or into
Tg from T'j;. The rule 6,1 permits us to select the control at the initial instant, If a
current time £ is taken as being initial, we obatin a feedback control law

U (t) = SigIl O Ug (t) = 11 0= Flh 0y :74: 0
u (1) =signo, u(t) =—1, 0Ty, 6;+0
u () = —signo, uw() =-—1, 0, o+0

u, (t) =0, u (t) =1, 0, =0, o,<0

+1, 0 I,
u (1) = 1, uz-_—{ 1 0Ty 0 =0 0u>0

o, =z()sing () —y(cos@ (s, oy ==z(t)coso () +
y (2) sin @ (?)

Thus, we have synthesized a control from clags X. According to Theorem 6. 1 this con-
trol is optimal when O E€G.
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